D'leuUm Sitw

luh/\fh‘w,hq’ we  know Mot A o P" have dimamsion h.
Thou.jlz\ we a(vwdj hawve onn a.(jz,bkafc definition o e

dimenmsion o au a%m Vaw'd't:b we Con— also jive ain
(quiva(w\{-x difinition in terms o e Liclds o rahional

Lo chln §. RoUﬁl/\lj, it wwasurves how ey Vaviables You
heed to Q_Adoiw h k 1o 3,& k(X)) 'G)y- a \/&Vfd’l\j X

Noter For U CX ope, k(W=k(X), 50 oy dehinitin of
dimamsion Wvelving ouly k(XD will imply Trat open sets have
fue ¢ame dimamsion ay the vavety Twat Tlug it inside.

¢q. A= U TP

Recall: 12 [ €K ave Gelds, C(v,...0) o5 te ficdd ot
frackons of L(v,,__uvh] (also twe smallest freld wlm:»\i\»\j LJV,J,_.,\Q_

K is o« #iv\:‘erb q,vmwo\:\-f.d ‘Re{cf extemsion oA L i £
]R=L (Vl,...)\fh\) for Sowe Vi, V€ R

Def bt K he a fq9. field exbension of k. The fromscendance
D&gle,e, oA- l< over ,’\J w ritten 'hﬁdtjkk s Twe &VV\QlL&S“- nw sd.

B ’X\,.-.J'xhe-k .. K it aljebra\‘c, over k(fx.,._.;xh .

We i say K i o algebimic fmdhion field m  w varableg overk.




Gx: \"< = @(GJWJ’X> has 4 d.z,j‘ 2 over Q0 since
K i a\j,_bmic over QQT, %)

€ 18 V=V (7-9), k=C, K :k(V), Twum

K i algbraic over C(y) sme *-y-=0.

Thaus K hag -hf_dﬂ | overr (.

Def: [ X is a vavm‘l‘*}, Twe  dinensin ot X 15
divn (X) = trdag, k(X))

?Qp'- Lt K be an alg. fumchivn field in one vaviable over k.
(e-q. K Field of ratl
Let 'xe\'(J xe¢k, k a(j. ¢losed. Arvnchns of

a cuvie

1) K i aljwrm’c over k(ﬂ.

2) 1 char(R)=0, 3 yeK st K = k(7q). (Privnitive e,IWMvH-Wm)

3) 1£ R g am inkeqral domain w/ fidd of frachons =K, st
kcR, tn of 'Pg’]? is a hohZew prine .'CL,,_Q() e

map k“"R/F; it o isomorphism.

P D WF teK st K ois alje,bmfc, over R(t). T x ig
olgebiuic  over () so 3 a polynomial & 54 £(+,x)=0
% s hot qL%,e.,lorm‘c,/ R 5o t muwt abpear in 7.



= { is al%[om{g ove k(’x) = k() alje,lomi(, over k(=)
= K ala,donu'c, over k(™).

o.)K
3.3 %uppok 'xe—R S.t. '—;eR/p it not in k. L"+ %eP

Choose po\tdewlfal_s a, k. :F(’K,'ﬂ)=za;(ﬂ‘3i’0

Fa.d"ovn'nj out powe s ot 4, we Cone ossumae Q, (,ﬂ + 0.

But twem o, (1) is divigibl by Y, Yo it's in B % “a(;‘)°o
Bub X 16 hot algebwmic  over k, 50 we gob & GwhadichmmD

We com  how easily wnclude owe badic fackg about dimansion.

Properties ot dinengion:
Let X ke auavid'tJ_
8
© 2 USX is opom, tmum dimU=dimX. (k(U) =k (x))
ln pavticulay, if X & o od i Vavid*g ond ;(_ its
pw("e,d'fw Closure, i olfvm(X)’de\O—().

@ 4imX:=0 <> X i a point.
(E: £ dimK=0, intevsedt w/ oae A7 omd take ik dosure
b gut o affile vayiehyV Them k(M= gince it al gebralc,
se T(\V)=k. =D V=a pufn‘l‘.)



@) Fvery proper cloged subvariety of a curve C ig a point.
(Eﬂ' Assume WLOG C ¢ albive. LEVEC a clogd
Wlovavfdj]. R=l‘(c)) P=T(V). T l_(\/%R/’P)

o TV =k = k() =k.)

@ A clowd wbvaw'dy ot /AZ (WSP- (PZ) hos divmenmsion e TR
it's an afPive ('fesp- PVD(')%HW\ \OVWUL CUrVe. (PJ": Guv)

Ratisnal maps
Lt X,Y be vayiehes.

Def: A mational map F from X YJ denoted
3C3><“"">\/

6 a wlovphii,w\ fom an open Cmmvw}ol"ﬂ\ fvtb\fﬁw'q,{—\j UC X
to \{J U—Y Tat Cannct be exdemded T a movphigm from

Olzvu.& lav%y DP—(/V\ Sl/lfov&w'd—;j +D \{

Ex: +: Al "_BA' Afrv d X:Hl/x ¢ 4 VV\.DVPMI.&/V\ P A% /Al —E/O’)SJ

but CCAmmo'!' l}( eXtended ‘ﬁ) /Al.

ln fact, by w»orplﬂisw\ from o opun set UeX + Y
determines a upmiqua rabtnal  map X--->Y . Twig s
becamwse of tue follawiv\,:)'.



Claim: |+ aﬂ,j X —VY are morphisimg ot variehy onmd

Twey agree on a demse seb of X Twan f=j.

P sSketeh: We comn Acbine o VMDV(O{/\)SW\ G,CJJ):X—a\/x\/_
Claim: e Seb Ay = Ly X E YxY s closd.

Thus, G,j)~(CAY§= {7“ :FC")=3(1)3 it cloged, but it containg a
cnse spern wh, s it's all o X, 30 —F=J W)

open set 1S dense jn X, this  implies that

Sine any
Oy rabona map is “’V‘f”l"“"lld determnined bud itg  recbrichim
to oy Opem set.

Def: f:X--2Y dommant if FUY s demse in Y.

Just a5 in Twe caSe o affine wovphigns, g [ong as f s
dowmivant, it inducs a wmap on Twe felds o€ vahinal fmctions:

Pop: ot FT: XY be dominamt. Lt UCX amd VCV be
obline openn  wets sk F:U—=V a movphism. T
P () = [(u)
(6 injective, so it extends to an ihd'cch‘ve map k (V)2 k(U)
k(Y)  k(X)

Pt Similar idea o albine se. B



Q‘. Whet  fdoes F look like i i+ indinces amn 1%0VMor\ohi{<W\
™M vahonal 'ﬁmm(il'lbhg?

Eﬁ l-) F:X--->Y s bivahonal £ 3 US X, VY opem  S.t.
F: U=V ig o isomorphism.

‘L) Vavieties X and Y are ‘g‘vaﬁdmcd\lg eq‘uivale' if 3 a

hiratowel wap F:X-—->Y.

B8 T wop FA =P, G x) =)

bivational.

EX: Congider Tue map F:P'— P dafived
[&:L,_‘\H[a}:abi:b?’]
T iw\ajc 15 \/(‘33—7@3) which % Siv\julav) so T e p
£ l‘PlﬁVQqS-'X?z) is not am isomoarphism.

HOW&VW} we'll soon see Tat it (s bivahenal. (lw fect, The
owly cubics That are loimh‘mna\lj equivalent 1o P' ave sfmju(qk

™me smootm cubics gie c(li}oh'c wrves, which avre ot bivationg
b P

RfjH- away, we com deduce That 1 X--2Y birafional
= T induced map f: k(Y) = k(X)) is o i §omo vph i,



n fact, e comverse holds! [ ovder fo Prove if, we heed
a litle move a(g,zlom.

Def: If A avd B ave local rings, ASB | tuw B dominates A

Lmma: Let £: X-->Y be dominant

1) (£ PeX in e domain of ¢ ond F(P) =@, Thum
Op(X) dominates +105(V)).

) 18 PeX, QeY, omd @p(X) dominabes £°(Oa()) Huw
P iy in tue dowain o § ad F(P)=0.

Pe D) i T e 0, M F1(F): S G- (@0
Tows £ (Q)QC\(}BQ Op (\0 SfVV\F(&V(Ij) it % & Mg ) Twm
(@) =0 = &O:F(P) =0, w twe max'| idal Mmaps into T

wmax'| ideal.

23 Ta_lQ_ o (& ne Vu,ij\n\omrhOOJS \/ O'F P) wW of Q Lt

Cw)= kO Tum £5(g) = 75 ar, bee [0), hi(Pe0

T sc,H\'vxj l’fL"'-[),b) we howe }*(FCW%Q r<\/b> But \/\‘>
s am alfwe vaviety, so Twis corvegpands fo a umique movphitm
j:\/b—> \/\/J whrolh Ty agrees w/ &



£ o &6 (W) vamithes at Q , Twa, J:*(d)ng y S0 8 vomiChg
st P T j<P)=Q_ 0

Using tue above lamma, we come show Twat any map hetween

Fields of vatignal funchoms is indued lala a dominant rational

VV\.LLIO:

MI Lt X omd Y be variehes. Aw"& (ron 2 ero) hMomovplm‘m
Lf:k(\/)——)k(\/) % hduced ‘mg o unique  dowvinamt-

ratioval wmap X --—>Y.

%-‘ Sine any ratovial Mmap own an opew st of X an‘{lu,(lﬂ
dotermineg a rathonal Mmap own X) We Con VL{O(C{L-&
X omd ¥ with o panr ol | Thus, aAsume X ek
N are olbing .

Them  tomsider Lf([_(\/))g kCX3 Jwst ag lu,tr'ove., Wwe
o Bnd somae be (X)), w (M) c C(X,)

o Wwe 3&‘(‘ a  movphigna Xb_’y whith  determine g

2 mige rahpral map XY
Sine I s m('jcoh‘vej e rahioval map & Aovninant. 0

Now we conn prove our mau in 'h/LLOV-(AMi



The! X ond Y are bimh'mal(ta equivalent < k(D R (Y).

P = k() =k(W)E RO =k (YD for UCSX opm
altine, VCY opm aldne <.t U=-V.

<i.' £ @ k(X) — k(’Y) s o igomorplni?v\n, a.,ﬁal'v» Veplou.e,
X ond N w/ optn offucs.

%h, al/us{— i above, "f(l_Oﬂ) - r(‘/ﬂ, Some b€ ‘_(\D) on~dl
Lf-lo_(\/)\ < [_(XD, some d €T (X).

Thaws, 9 ( r<x4)v"m> = r((\/")‘e(»th Sinke

o LF(G)
A L(-I(lo) = ,]D(d) L o Lf(“) € l_(\{h)_

J

Similavily, e oThar inclusion holds. Taws, T cormsPov\diﬁ

spaces arve Iso morphic. O

M: A Vaviety s rohonal £ it i \oiMJ‘l’w\aUla equiVafeA/;+ To

[Ph_ o some W,

Opem question: Are cubic fourfolds (o(cﬁvee 5 hypursurte s
in ﬂ36> adl rational ?

Twe alool/e, N orem l(ad& ‘ho M ‘R)Howiv\j POW{,V’RA(
Lovol(avﬁ-‘



(,ovollayﬂt Eveny curve (s bivationally aqu'(va\w{‘ fo a

plowu curve .

T)_‘F: Foo char O0: & V s a e, k(V) has +\roh,j=[
over k, o, Hrom befove, k (V)= k(a,0).

Comsider e ving map k[;,ﬂ —s kLt c k (V).
poly. ring
Call it kewwel T. Rlab) hos no 2ew diiors, So
T & prine. Taws V' =V(TICA® is o (alnd) vaviehy.

C(v)=k0xg) /T 5 kCab], 5o kK(VAER(V). Thug,
dim V' = | and v’ 15 & WM e, O



